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Problems connected with a choice of the spinorial basis in the (j, 0) ⊕ (0, j) rep-
resentation space are discussed. As shown it has profound significance in the rel-
ativistic quantum theory. From the methodological viewpoint this fact is related
with the important dynamical role played by space-time symmetries for all kind of
interactions.
Asegura el centro, el cielo y la tierra
encontrara´n sus lugares adecuados.
Chinise saying
My contribution deals with mathematical constructions in the (j, 0)⊕(0, j)
representation space of the extended Lorentz group including reflections. While
the Dirac theory (j = 1/2) found an overall application for describing the
particle world, the possibility of other models in such representations and their
possible relevance to other kind of interactions (as well as to electromagnetic
interaction) appear not to have been realized completely until now. To my
knowledge, these topics were in the area of interests of Prof. E. P. Wigner 1,2
and of a number of other eminent physicists. The explicit constructions of the
quantum field theory of the Bargmann-Wightman-Wigner type, 1b presented
in refs. 3,4, provide deeper insights to the essence of the problem, particularly,
in the physics of neutral particles. We start from a general set of postulates,
which are assumed to be valid for any relativistic quantum theory:
•For arbitrary j the right (j, 0) and the left (0, j) handed spinors transform
in the following ways (according to the Wigner’s rules 1):
φ
R
(pµ) = ΛR(p
µ ←
◦
pµ)φ
R
(
◦
pµ) = exp(+ ~J · ~ϕ)φ
R
(
◦
pµ) , (1)
φ
L
(pµ) = ΛL(p
µ ←
◦
pµ)φ
L
(
◦
pµ) = exp(− ~J · ~ϕ)φ
L
(
◦
pµ) . (2)
ΛR,L are the matrices for Lorentz boosts; ~J are the spin matrices for spin j;
~ϕ are parameters of the given boost. If we restrict ourselves to the case of
bradyons they are defined by formulas (3) of ref. 3a.
• φ
L
and φ
R
are the eigenspinors of the helicity operator ( ~J ·~n) = ( ~J ·~p)/|~p|:
( ~J · ~n)φ
R,L
= hφ
R,L
(3)
(h = −j,−j + 1, . . . j is the helicity quantum number).
1
• The relativistic dispersion relations E = ±
√
~p 2 +m2 are valid for ob-
served particle states.
On the basis of these postulates and with taking into account the Ryder-
Burgard relation 3, that states that “when a particle is at rest, one cannot
define its spin as either left- or right-handed”, we derive:
• The mathematical generalization of the Dirac equation in the (1/2, 0)⊕
(0, 1/2) representation space (momentum representation):
[
a
pˆ
m
+ b T Sc[1/2] − T
]
Ψ(pµ) = 0 , a2 + b2 = 1 ; (4)
Sc[1/2] is the charge conjugation operator; T ≡ cosα− iγ
5 sinα; α is the phase
factor entering in the generalized Ryder-Burgard relation:5
φ
R
(
◦
pµ) = a eiα± φ
L
(
◦
pµ) + i b eiβ∓ Θ[1/2] φ
∗
L
(
◦
pµ) . (5)
•The particular model with a = 1, b = 0 and α = ±pi2 . The remarkable
feature of this model is the necessity of introducing two field functions. In
the opposite case, when one has only one field function having plane-wave ex-
pansion, we cannot construct the Lagrangian in the coordinate representation.
The physical system is described by a set of two equations:
[
γ5γµ∂µ +m
]
Ψ(1)(x) = 0 ,
[
γ5γµ∂µ −m
]
Ψ(2)(x) = 0 , (6)
connected with the Dirac equation by unitary transformations. The physical
consequences of the model are the following: 1)One can obtain charged par-
ticles, in fact, Dirac fermions, but neutral particles too. 2)One can describe
bosons in the framework of the (1/2, 0)⊕(0, 1/2) representation space. 3)There
is a puzzled physical “excitation” with E ≡ 0, Q ≡ 0 and (W · n) ≡ 0. 4)The
Feynman-Dyson propagators for fields Ψ(1) and Ψ(2) are not equal to the Wick
propagators (cf. with a j = 1 case). 5)The question of self-energy contri-
butions and, hence, mass splitting between proper-mass states | + m > and
|−m > induces development of adequate methods for higher-order calculations
(e.g. in the spirit of 6).
•The connection with the Majorana-Ahluwalia Construct, which is based
on the use of the 4-spinors of type-II:
λ(pµ) ≡
((
ζλΘ[j]
)
φ∗
L
(pµ)
φ
L
(pµ)
)
, ρ(pµ) ≡
(
φ
R
(pµ)(
ζρΘ[j]
)∗
φ∗
R
(pµ)
)
. (7)
They can be introduced for any j. They are not in the helicity eigenstates a
due to the properties of the Wigner time-reversal operator:
(
Θ[j]
)
σ, σ′
=
aLet us still not forget that the helicity quantum number is not a “good” quantum number
for massive particles.
2
(−1)j+σδσ′,−σ , Θ[j] ~JΘ
−1
[j] = −
~J∗ . Phase factors ξλ and ξρ are fixed by
the conditions of self/anti-self θ-conjugacy. On the base of consideration of
the 4-spinors of the second type one can still deduce both the equations (6) b
and the “mad” forms of the Dirac equation: c
iγµ∂µλ
S(x)−mρA(x) = 0 , iγµ∂µρ
A(x)−mλS(x) = 0 , (10)
iγµ∂µλ
A(x) +mρS(x) = 0 , iγµ∂µρ
S(x) +mλA(x) = 0 . (11)
The physical states described by Eqs. (10,11) can possess axial charge. λ and
ρ spinors are closely related with the asymptotically chiral massive fields intro-
duced by Ziino and Barut.7 Neutrino and its antineutrino can be considered to
coincide in the framework of this theory. The question is what dynamical be-
haviour do we have, the Dirac-like or the Majorana-like. The answer depends
on relations between type-II spinors and their parity-conjugates. Finally, let
us note that at-rest spinors Υ±, B± are connected by unitary transformations
with the Ahluwalia’s type-II spinors: Υ±1/2(
◦
pµ) = UλS↑↓(
◦
pµ) = −γ5Uλ
A
↑↓(
◦
pµ)
B±1/2(
◦
pµ) = UλA↑↓(
◦
pµ) = −γ5Uλ
S
↑↓(
◦
pµ) . The transformation matrix is
U =
(
Ξ−1[1/2]Θ
−1
[1/2] 0
0 1
)
. (12)
• Similarities and differences in results for the (1, 0)⊕ (0, 1) (and higher-
spin representations) space. E.g., self/anti-self conjugate spinors do not exist
for spin-1 in the considered model. The equations for λS,A(pµ) and ρS,A(pµ)
“6-spinors” are connected with the Weinberg equation of 1964.
Finally, I would like to draw your attention to the problem of the claimed
longitudity of the antisymmetric tensor field (transformed also according to
the (1, 0) ⊕ (0, 1) representation) after quantization. In my opinion, such a
situation is quite unacceptable since it produces speculations on the violation
of the Correspondence Principle and on the contradiction with the Weinberg
theorem B−A = h. Assumingly, this question has relations with the problem
at hand. The answer which we achieved is: “the queer reduction of degrees
bSpinors satisfying equations (6) in the momentum representation are in helicity eigenstates.
They are connected with λS,A as follows: 8
Υ+(p
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[
±
1 + γ5
2
λ
S,A
↓
+
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2
λ
S,A
↑
]
, Υ−(p
µ) =
[
∓
1 + γ5
2
λ
S,A
↑
+
1− γ5
2
λ
S,A
↓
]
, (8)
B+(p
µ) =
[
∓
1 + γ5
2
λ
S,A
↓
+
1− γ5
2
λ
S,A
↑
]
, B−(p
µ) =
[
±
1 + γ5
2
λ
S,A
↑
+
1− γ5
2
λ
S,A
↓
]
. (9)
Helicity eigenspinors are connected with ρS,A spinors in the similar fashion. The arrows ↑↓
should be referred to ‘the chiral helicity’ introduced in ref. 4.
cWe assumed that “parity violation” is not explicit in the meaning of ref. 7. See formulas
(9,48a,48b) in ref. 4.
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of freedom” is happening because of application of the generalized Lorentz
condition. What is this good for? I mean, is it necessary to make a non-linear
realization of a scalar field from an antisymmetric tensor field? As a result
of analysis of the theory of the antisymmetric tensor field with transversal
components, I support Sachs and Barut ideas of the unified treatment of field
and sources in the gauge theories.
Concluding, we note that the (j, 0)⊕ (0, j) representation space has a rich
structure which should be analyzed carefully with the aims of probable appli-
cations for the unification of all types of interactions. Details of the formalism
presented here could be found in refs. 4,5,8.
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